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We investigate anomalous Hall effect in a magnet coupled to a triplet superconductor under phase
gradient. It is found that the anomalous Hall supercurrent arises from non-trivial structure of the
magnetization. The magnetic structure manifested in the Hall supercurrent is characterized by
even order terms of the exchange coupling, essentially different from that discussed in the context
of anomalous Hall effect, reflecting the disspationless nature of supercurrent. We also discuss a
possible candidate for magnetic structure to verify our prediction.
PACS numbers: 73.43.Nq, 72.25.Dc, 85.75.-d
Recently, the coexistence of superconductivity and
ferromagnetism has received much attention.1–4 In fer-
romagnet/superconductor junctions, equal-spin triplet
pairings can be generated due to spin flip scat-
tering in ferromagnetic multilayer or inhomogeneous
ferromagnet5, or in uniform ferromagnet with spin-
orbit coupling6. Spin-polarized supercurrent carried
by equal-spin triplet pairings is a novel ingredient for
spintronics applications. Recent experiments have suc-
cessfully demonstrated the generation of spin-triplet
pairing by observing Josephson current through strong
ferromagnets.7–9 Up to now, in ferromagnetic Joseph-
son junctions, longitudinal Josephson current has been
investigated.10,11
Ferromagnet/triplet superconductor junctions offer
richer physics than singlet ones since triplet pairings have
spin degree of freedom. The interaction between mag-
netism and triplet superconductivity leads to interest-
ing phenomena such as 0-pi transitions.12–17 Josephson
junctions composed of triplet superconductors have been
fabricated to identify the pairing symmetry of triplet
superconductors.18–20 Also, a highly conducting interface
between a ferromagnet SrRuO3 and a triplet supercon-
ductor Sr2RuO4 has been realized recently.
21
The Hall effect in ferromagnets has been discussed in-
tensively in the context of anomalous Hall effect.22 The
anomalous Hall effect arises from non-trivial spin texture,
which is associated with the spin Berry phase effect.23–27
It has been shown that the Hall conductivity stems from
non-trivial spin configurations such as vector spin chiral-
ity Si × Sj
28 and scalar spin chirality Si · (Sj × Sk)
26,
where Si is a localized spin with position i. Motivated
by these studies, in this paper, we investigate Hall su-
percurrent driven by non-trivial magnetic structure cou-
pled to triplet superconductivity under phase gradient.
Since phase is odd in time-reversal, the magnetic struc-
ture manifested in Hall supercurrent becomes essentially
different from that in the anomalous Hall effect.
In this paper, we study the anomalous Hall effect in a
magnet coupled to a triplet superconductor under phase
gradient. It is shown that the anomalous Hall supercur-
rent arises from non-trivial structure of the magnetiza-
tion. The magnetic structure manifested in the Hall su-
percurrent is essentially different from that discussed in
the context of anomalous Hall effect, reflecting the diss-
pationless nature of supercurrent. We also discuss the
condition of the generation of the anomalous Josephson
Hall current based on symmetry and a possible candidate
for magnetic structure to verify our prediction.
We consider a magnet/triplet superconductor junction
(See Fig. 1). The Hamiltonian of the superconduc-
tor and the magnet are given by HS = H0 + H∆ and
HM = H0 + Hex + Hϕ, respectively. The H0, H∆ and
Hex represent the kinetic energy, the superconducting or-
der parameter, and the exchange interaction between the
conducting electrons and the local spins, respectively:
H0 =
∑
k
φ†kξσ0⊗τ3φk, (1)
H∆ =
∑
k
φ†k(d · σ)⊗ τ1, (2)
Hex = −J
∑
k,q
(φ†k−qσ ⊗ τ0φk) · Sq (3)
with φ†k = (c
†
k↑, c
†
k↓, ic−k↓,−ic−k↑) and ξ =
h¯2k2
2m − εF .
Here, σ and τ denote the Pauli matrices in spin and
Nambu spaces, respectively. Also, εF , d, J , and S are
the Fermi energy, d-vector of the triplet pairing, the ex-
change coupling, and the localized spins, respectively.
The localized spins can have spatial dependence, but we
consider only slowly varying case. Note that we adopt the
basis in Ref.29 such that singlet pairing is proportional to
the unit matrix in spin space. We consider supercurrent
induced by phase gradient. The phase gradient along j
direction, ∇jϕ, enters the Hamiltonian as
Hϕ =
∑
k
φ†k
h¯2
m
kj∇jϕφk (4)
where ∇jϕ is assumed to be spatially constant. We will
treat Hex and Hϕ perturbatively.
With the above Hamiltonians, the charge current op-
erator (jc) in i-direction is given by
jc,i = −
eh¯
m
kiσ0 ⊗ τ0 − δij
eh¯
m
∇jϕσ0 ⊗ τ3 (5)
where −e is the electron charge.
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FIG. 1: (Color online) Schematic illustration of mag-
net/triplet superconductor junction.
Before proceeding to the explicit calculation, let us dis-
cuss Josephson Hall current qualitatively based on sym-
metry argument.30 Consider the London equation of the
form:
jc = −
e2
m
ρ ·A. (6)
where jc, ρ, and A are, respectively, the charge cur-
rent, the superfluid density tensor, and the vector po-
tential. Since charge current and vector potential are
time-reversal odd, ρ describes the reversible and dissi-
pationless flow of the supercurrent. Thus, the Hall cur-
rent can flow without breaking time-reversal symmetry.
Namely, the Hall current is allowed in even-order pertur-
bation with respect to time-reversal breaking term Hex.
This contrasts with the anomalous Hall effect26 where
Hall current is driven by an electric field which is even
under time-reversal. Thus, one can expect an essentially
different magnetic structure manifested in the Hall su-
percurrent. Also, since charge current and vector poten-
tial are odd under spatial inversion, the Hall coefficient
should be even with respect to spatial gradient. There-
fore, in the lowest order, the possible form of the Hall
coefficient should be ∇iS × ∇jS with i 6= j. However,
this is a vector quantity while the Hall coefficient is a
scalar. Here, triplet superconductivity plays an essential
role: We have a vector formed by triplet pairing (such as
d-vector). This way, we expect that the Hall coefficient
is proportional to ∇iS × ∇jS projected on some vector
due to triplet superconductivity. Below, we will show
that this consideration is in fact correct by the explicit
calculation of the Hall supercurrent.
Now, we calculate Hall supercurrent and give their an-
alytical expressions. We consider the unperturbed ad-
vanced Green’s functions in the magnet of the form
gak,ω = g
a
0,k,ωσ0 ⊗ τ0 + g
a
3,k,ωσ0 ⊗ τ3 + (f
a
k,ω · σ)⊗ τ1 (7)
where ga0,k,ω and g
a
3,k,ω are normal Green’s functions
while fak,ω is a 3D vector characterizing anomalous
Green’s function. The anomalous Green’s function in
the magnet arises due to the proximity effect. We take
into account Hex up to second order and Hϕ as a first
order perturbation. Diagrammatic representations of the
Hall supercurrent are shown in Fig. 2.
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FIG. 2: Diagrammatic representations of the current den-
sity. The wavy lines denote the interaction with the local
spin S and dotted lines represent the phase gradient ∇ϕ. (a-
c) The contributions from the first term in Eq.(5). (d) The
contribution from the second term in Eq.(5).
The Hall supercurrent can be represented as31
jc,i =
ih¯2e
mV
∑
k,q
e−iq·xTrkiG
<
k−q/2,k+q/2(t, t)
+δij
ih¯2e
mV
∇jϕ
∑
k,q
e−iq·xTrτ3G
<
k−q/2,k+q/2(t, t) (8)
where V is the total volume and Tr is taken over spin
and Nambu spaces. G<
k−q/2,k+q/2(t, t) is the lesser
Green’s function of the total Hamiltonian. Performing
perturbations with respect to Hex and Hϕ, we expand
the lesser component using the advanced Green’s func-
tions by the Langreth theorem.31 Noting that g<k,ω =
fω
[
gak,ω − (g
a
k,ω)
†
]
with the lesser Green’s function g<k,ω
and the Fermi distribution function fω, and δij =
∂ki
∂kj
,
we can compute the Hall supercurrent. Then, the Hall
supercurrent (i 6= j) in the second orders in J and spatial
derivative is given by
3jc,i =
16h¯4eJ2
m2V
∇jϕ
∑
k,ω,α
(∇jS(x)×∇iS(x))
α
fω
×Im

 2kikj
(
∂
∂ki
{
(ga0,k,ω)
2
+ (ga3,k,ω)
2
}(
fak,ω ×
∂
∂kj
fak,ω
)α
− ∂∂kj
{
(ga0,k,ω)
2
+ (ga3,k,ω)
2
}(
fak,ω ×
∂
∂ki
fak,ω
)α)
+ki
{
(ga0,k,ω)
2
+ (ga3,k,ω)
2
}(
fak,ω ×
∂
∂ki
fak,ω
)α

 . (9)
Here, we have assumed that the proximity effect is weak:
∣∣∣fak,ω∣∣∣ ≪ ∣∣∣ga0,k,ω∣∣∣ , ∣∣∣ga3,k,ω∣∣∣, and dropped the forth order
terms in the anomalous Green’s functions. We have also dropped the symmetric term ∇jS(x) · ∇iS(x) since we are
interested in the Hall effect. If the anomalous Green’s function fak,ω becomes zero, then the supercurrent becomes
zero as expected. Assuming that the proximity effect is weak, we now consider the Green’s functions of the form:
ga0,k,ω + g
a
3,k,ω =
1
ω−iγ−ξ ≡ g
a
k,ω, g
a
0,k,ω − g
a
3,k,ω =
1
ω−iγ+ξ ≡ g¯
a
k,ω, and f
a
k,ω = g
a
k,ωg¯
a
k,ωdk. Here, γ is the scattering
rate by impurities.
Then, we have
jc,i =
8h¯4eJ2
m2V
∇jϕ
∑
k,ω,α
(∇jS(x)×∇iS(x))
α
fω
×Im


4h¯2
m k
2
i kj
{
(gak,ω)
5(g¯ak,ω)
2 − (gak,ω)
2(g¯ak,ω)
5
}(
dk ×
∂
∂kj
dk
)α
− 4h¯
2
m kik
2
j
{
(gak,ω)
5(g¯ak,ω)
2 − (gak,ω)
2(g¯ak,ω)
5
}(
dk ×
∂
∂ki
dk
)α
+ki
{
(gak,ω)
4
(g¯ak,ω)
2
+ (gak,ω)
2
(g¯ak,ω)
4
}(
dk ×
∂
∂ki
dk
)α

 . (10)
As an example of the d-vector, consider the form of
the Rashba type with the hexagonal warping:38
dk = ∆0
(
ky/kF , −kx/kF , λ(k
3
x − 3kxk
2
y)/k
3
F
)
(11)
where kF is the Fermi wavelength. Then, under phase
gradient in x-direction, we obtain the Hall supercurrent
in y-direction driven by magnetic structure:
jc,y = −
38eJ2∆20λν
105h¯4k4F ε
2
F
(∇xS(x) ×∇yS(x))
x
∇xϕ (12)
in the limit of γ → 0. Here, ν is the density of states at
the Fermi level.
This is in contrast to the normal Hall current in ferro-
magnet: In the normal state, the Hall current is driven
by scalar spin chirality under electric field26
jc,y ∝ (∇xS(x) ×∇yS(x)) · S(x). (13)
By comparing Eq.(12) and Eq.(13), we find an essentially
different magnetic structure of Hall supercurrent, which
reflects that supercurrent flows in response to phase gra-
dient, i.e. reflects the disspationless nature of supercur-
rent. Note that the normal Hall current is driven in an
electric field which is even under time reversal. Hence,
the Hall coefficient in the normal state is composed of
odd order terms with respect to S.
Now, we discuss a possible candidate of the magnetic
structure that may be used to verify our prediction.
First, the magnetization vector S(x) should have both
x and y dependences. To observe finite Hall supercur-
rent, ∇xS(x) and ∇yS(x) should not be parallel to each
other. One possible candidate is a magnetic skyrmion in
chiral magnets33–37, such as MnSi, characterized by
S(x) =
S
x2 + y2 + Λ2
(
−2Λx, 2Λy, x2 + y2 − Λ2
)
(14)
where Λ determines the size of the skyrmion. For this
spin texture, we have
(∇xS(x)×∇yS(x))
x =
8S2Λ3y
(x2 + y2 + Λ2)
3
. (15)
Since this is odd in y, the total Hall supercurrent vanishes
for infinite systems or when the skyrmion is located in
symmetric points with respect to y-coordinate in finite
systems. Note, however, that the skyrmion can be moved
by injecting ultralow current.35,37 For example, consider
the skyrmion located in the region −∞ < x < ∞,−a ≤
y ≤ b. Then, the total Hall supercurrent along the edges
is proportional to
4∫ ∞
−∞
dx(∇xS(x)×∇yS(x))
x
|y=b + (∇xS(x) ×∇yS(x))
x
|y=−a =
32S2Λ3
3
[
b
(b2 + Λ2)
5/2
−
a
(a2 + Λ2)
5/2
]
(16)
which becomes 32S
2Λ3
3
(
1
b4 −
1
a4
)
for Λ≪ a, b.
We also discuss possible forms of the d-vector and
magnetic structures from the symmetry of the Hamil-
tonian. Consider quasi two dimensional systems in xy-
plane, focusing on the magnetic region with proximity
induced triplet superconductivity, and the current along
the y-direction under the phase gradient along the x-axis.
Since the current density is transformed as jc,y(x, y) →
−jc,y(−x, y) under the operation of C2yT , where T de-
notes time-reversal, if the Hamiltonian is invariant under
this operation, jc,y is an odd function of x. Thus, if the
Hamiltonian has this symmetry, the net Hall supercur-
rent becomes zero. This symmetry requires the condition
dx(kx, ky) = d
∗
x(kx,−ky), dy(kx, ky) = −d
∗
y(kx,−ky),
and dz(kx, ky) = d
∗
z(kx,−ky) where dk = (dx, dy, dz).
Therefore, this symmetry is broken in the d-vector of
Eq.(11), which is consistent with the above results of the
Hall supercurrent. The skyrmion magnetic structure in
Eq.(14) respects this symmetry. Thus, if we consider an
s-wave singlet pairing instead of triplet one, since the
singlet pairing respects the symmetry, the Hall supper-
current vanishes.
Let us estimate the Hall supercurrent using Eq. (12).
For εF ∼ 10 eV, J ∼ 100 meV, ν ∼ 0.1 /eV/unit
cell, ∆0 ∼ 0.01 meV, λ ∼ 0.1, kF ∼ 10
10m−1,
∇xS(x) ×∇yS(x) ∼ 10
16m−2, ∇xϕ ∼ (100 nm)
−1, and
the lattice constant ∼ 5 A˚, we estimate the magnitude of
the current as jc,y ∼ 5× 10
5 A/cm2 which is of measur-
able magnitude39.
In this paper, we have considered magnet/triplet su-
perconductor junctions. Since ferromagnets with intrin-
sic spin-orbit coupling can generate triplet pairings,6
one can instead consider magnet/singlet superconductor
junctions with intrinsic spin-orbit coupling in the mag-
net. Also, since inhomogeneous magnetism can convert
singlet pairing into triplet one,5 magnet/magnet/singlet
superconductor junctions such as MnSi/Ho/Nb junctions
(Ho is a conical magnet) can be used. One may also
consider MnSi/Bi2Te3 film/Nb junctions. Here, due to
the proximity effect, triplet pairing like Eq.(11) can be
induced in the Bi2Te3 film. This induced pairing can
further penetrate into MnSi.
Spin Hall effect due to Rashba type spin-orbit coupling
in superconductor40 or Josephson junctions41 has been
discussed. In this paper, we have predicted Hall super-
current driven by non-trivial magnetic texture, and hence
our results do not rely on spin-orbit coupling. In Ref.41,
spin Hall effect is obtained by applying electric bias to the
Josephson junction in order to make the Josephson cur-
rent time dependent. In sharp contrast, we have consid-
ered stationary supercurrent under non-trivial magnetic
structure when phase gradient is applied.
In summary, we have investigated anomalous Hall ef-
fect in a magnet coupled to a triplet superconductor un-
der phase gradient. It is found that the anomalous Hall
supercurrent arises from non-trivial structure of the mag-
netization. The magnetic structure manifested in the
Hall supercurrent is essentially different from that dis-
cussed in the context of anomalous Hall effect, reflecting
the disspationless nature of supercurrent. We have also
discussed the condition of the generation of the anoma-
lous Josephson Hall current based on symmetry and a
possible candidate of magnetic structure to verify our
prediction.
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